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We discuss electric transport through a point contact which bridges Majorana fermion modes
appearing at edges of two helical superconductors. The contents focus on effects of interference and
interaction unique to the Majorana fermions and role of spin-orbit interaction (SOI). Besides the
Josephson current, the quasi-particle conductance depends sensitively on phase difference and rela-
tive helicity between the two superconductors. The interaction among the Majorana fermions causes
the power-law temperature dependences of conductance for various tunneling channels. Especially,
in the presence of SOI, the conductance always increases as the temperature is lowered.
PACS numbers: 71.10.Pm,72.15.Nj,85.75.-d
Fractionalization of electrons attracts recent intensive
interest. A chiral fermion at an edge of Quantum Hall
system is an example of fractionalized electrons. A fully
gapped bulk state spatially separates right-going and left-
going chiral fermion, which leads to the absence the back-
ward scattering [1]. The robustness against disturbances
such as disorder and interaction is a common feature
of the fractionalized states. Therefore the fractionalized
states are expected to have dissipationless feature which
is a key property on application to quantum information
processes [2]. Majorana fermion (MF) is another exam-
ple of the fractionalized electron and has been recently
discussed in the context of condensed matter physics [3].
Since its field operator in real space satisfies a relation
γ = γ†, MF is often called real fermion and is regarded
as a half (fraction) of a usual complex fermion.
Superconductors and superfluids are the most promis-
ing candidates which host MF because the particle num-
ber is not a good quantum number in these systems as
required by the MF field. Actually the existence of MF
has been discussed in a vortex core or at an edge of the
chiral p + ip superconductor [4], 3He and Bose-Einstein
condensates [5, 6], at an interface between a supercon-
ductor and a topological insulator [7], and in a quan-
tum Hall edge (state) with ν = 5/2 [8]. Chiral fermion
modes appear only when the time-reversal symmetry T
is broken [1]. Under preserving T -symmetry, the part-
ner with the opposite chirality always coexists. In this
case, the edge channels are referred to as helical. Along
the edge of the two-dimensional quantum spin Hall sys-
tems, the helical fermions appear [9]. Analogously, at
the edge of the helical superconductors, the helical Ma-
jorana fermions appear as the Andreev bound states [10–
12]. Noncentrosymmetric superconductors with domi-
nant spin-triplet p-wave order parameter are a realistic
playground of helical Majorana fermions [10, 11]. In ad-
dition, MF excitations are expected in topological super-
conductors [13]. Thus understanding of novel phenomena
peculiar to MF is highly desired [14]. Although all of re-
cent developments have assumed non-interacting MF’s,
effects of interaction among MF’s have been an impor-
tant open question.
In this paper, we study theoretically low energy elec-
tric transport through the MF modes appearing at edges
of two helical superconductors with taking into account
the interaction among MF’s. The model of four in-
teracting MF modes can be mapped into the spinless
Tomonaga-Luttinger model by introducing two fictitious
chiral fermions. This enables us to analyze low energy
physical phenomena of a MF by using the bosonization
technique. We show that the conductance depends sen-
sitively on the relative helicity of two helical supercon-
ductors, the phase difference of two superconductors, and
the spin-orbit coupling at the point contact. These are
the features of the interference effect unique to Majorana
Josephson junctions. Our main results are summarized
in Eqs. (16), (23), (25) and (26).
FIG. 1: (Color online) Schematic picture of helical Majorana
excitations at edges of two helical superconductors.
We consider the interacting helical edge channels [15]
as shown in Fig.1. By using solutions of the Bogoliubov-
de Gennes equation, Majorana fermions at the edge of
the helical superconductors are described by [12]
H0 =− iv
∑
j=1,2
∫
dx [γRj(x)∂xγRj(x)
−γLj(x)∂xγLj(x)] (1)
2where γµ(x) for µ = (R1, L1, R2, L2) are the four
species of Majorana fermion field satisfying the anti-
commutation relation {γµ(x), γµ′ (x′)} = (1/2)δµ,µ′δ(x −
x′). The electron operator is expressed in the low energy
sector as
Ψj,σ(x) =e
iϕj/2eiϕσχγj,σ(x), (2)
χ =
{
eipi/4 (j, σ) = (1, ↑) and (2, ↓)
e−ipi/4 (j, σ) = (1, ↓) and (2, ↑), (3)
where ϕj is the phase of superconducting order parame-
ter for the two superconductors indicated by j = 1 and
2, σ =↑, ↓ represents pseudospin index, and ϕσ is the
relative phase of the pair potential for the two pseu-
dospins. In Eq. (2), we have considered pair potential
in two-dimensional 3He-B phase as an example of the
helical edge state. As shown in Fig. 1, the pseudospin
index σ =↑, ↓ is related to the moving direction of the
chiral Majorana fermions (R,L), which are basically de-
termined by the pair potential and the spin-orbit inter-
action (SOI) in bulk region.
In addition to H0, we consider the two terms in the
Hamiltonian. At first, the interaction Hint. comes from
the electron-electron interaction as given by Hel-int. =∫
dx
∫
dx′C†α(x)C
†
β(x
′)V (x − x′)Cβ(x′)Cα(x)/2, where
Cα(β) is the electron operator with α and β labeling the
electron spin. The original electron spin α is expressed
by the linear combination of pseudospin σ in the presence
of the SOI. From the fact that Ψ†iσΨiσ ∝ (γiσ)2 = const.,
and assuming that the overlap of the wavefunctions be-
tween the two edges is negligible, the only remaining in-
teractions derived from Hel-int. in low energy are
H1 = U1
∫
dx[Ψ†1,↑Ψ1,↓Ψ
†
2,↑Ψ2,↓ + h.c.]
H2 = U2
∫
dx[Ψ†1,↑Ψ1,↓Ψ2,↑Ψ
†
2,↓ + h.c.]. (4)
Note here that more than four species of Majorana
fermions and SOI are indispensable to having effective
interaction [16] and that interaction terms including spa-
tial derivatives are irrelevant in the low energy limit. Ex-
pressing Eqs. (4) by Eq. (3), we obtain
Hint. = g
∫
dxγR1(x)γR2(x)γL2(x)γL1(x), (5)
with g = −2U1 cos(2ϕs) + 2U2.
The last term is the tunneling Hamiltonian between
the two edges represented by
HT =− ta
∑
σ,σ′
[
Ψ†1,σ(0) {σ0 + iλ · σ}σ,σ′ Ψ2,σ′(0)
+ Ψ†2,σ(0) {σ0 − iλ · σ}σ,σ′ Ψ1,σ′(0)
]
, (6)
=2ita [cos(ϕ/2)A− + λ3 sin(ϕ/2)A+
− cos(ϕ/2)λ−B+ + sin(ϕ/2)λ+B−] ,
A± =γ1,↑γ2,↑ ± γ1,↓γ2,↓, B± = γ1,↑γ2,↓ ± γ1,↓γ2,↑, (7)
with λ− = λ1 cosϕs − λ2 sinϕs and λ+ = λ1 sinϕs +
λ2 cosϕs, where ϕ = ϕ1 − ϕ2 is the macroscopic phase
difference, ϕs = ϕ↑ − ϕ↓ is the difference in the spin-
dependent phases, σ = (σ1, σ2, σ3) are the Pauli matri-
ces, and σ0 is the 2× 2 unit matrix. The width and the
length of a point contact is indicated by a. In Eq. (6),
we consider the SOI at the point contact described by
λ = (λ1, λ2, λ3). By applying electric fields at the point
contact, it is possible to induce the Rashba-type SOI as
λ = gso(−Ez, 0, Ex), where gso is a coupling constant,
Ex and Ez correspond to the potential gradient in the
x and z direction, respectively. When the Dresselhous-
type SOI can be introduced, λ2 also becomes non-zero
value. The operator of the electric current is calculated
from the equation J = e∂t
∑
σ
∫
dxΨ†1,σ(x)Ψ1,σ(x). We
find that a relation J(ϕ) = eHT (ϕ+pi) always holds. We
assume that the pseudospin of the right(left)-mover is ↑
(↓) at the edge 1 as shown in Fig. 1. Therefore we choose
γ1,↑ = γR1 and γ1,↓ = γL1. At the edge 2, we choose
γ2,↑ = γL2 and γ2,↓ = γR2 for the equal helicity config-
uration, and γ2,↑ = γR2 and γ2,↓ = γL2 for the opposite
helicity configuration.
To analyze the Hamiltonian, we introduce a com-
plex fermion field by ψA(x) = γA1(x) + iγA2(x) and
ψ†A(x) = γA1(x) − iγA2(x) with A = R and L. These
operators satisfy the usual fermion anti-commutation re-
lations: {ψA(x), ψA′ (x′)} = 0 and {ψA(x), ψ†A′ (x′)} =
δA,A′δ(x−x′). We rewrite the Hamiltonian H0+Hint. in
terms of these complex fermion operators as
H0+Hint. = −iv
∫
dx
[
ψ†R(x)∂xψR(x)− ψ†L(x)∂xψL(x)
+
g
4
ψ†R(x)ψR(x)ψ
†
L(x)ψL(x)
]
+ const.. (8)
This Hamiltonian is exactly that of the massless
Tomonaga-Luttinger model. It is extremely simple as
compared to that of interacting helical edge fermion sys-
tems [17]. The combining two Majorana fermions corre-
sponds to a spinless chiral fermion. Thus a chiral Majo-
rana fermion is considered as a quarter fraction of a usual
spinless fermion. By applying the standard bosonization
technique [18, 19], the complex fermion fields are repre-
sented by boson fields as,
∂x
2pi
φL(R)(x) =: ψ
†
L(R)(x)ψL(R)(x) :, (9)
φ(x) = φR(x) + φL(x), θ(x) = φR(x)− φL(x), (10)
ψR(x) =
ηR√
2piα0
exp
[
i
2
{φ(x) + θ(x)}
]
, (11)
ψL(x) =
ηL√
2piα0
exp
[
i
2
{−φ(x) + θ(x)}
]
, (12)
where ηR and ηL are the Klein factor. Eq. (8) is then
3transformed into
H0 +Hint. =
v˜
8pi
∫
dx
{∂xφ(x)}2
K
+K {∂xθ(x)}2 , (13)
v˜ =v
√
1−
( g
8piv
)2
,K =
√
1− g/(8piv)
1 + g/(8piv)
. (14)
We first discuss the tunneling effect in the equal helicity
configuration. By using the bosonization technique, the
tunneling Hamiltonian becomes
HT =
ta
pi
[
λ+
2
sin
[ϕ
2
]
∂xθ(x)− λ−
2
cos
[ϕ
2
]
∂xφ(x)
]
x=0
+
iηRηLta
piα0
[
cos
[ϕ
2
]
sin θ(0)− λ3 sin
[ϕ
2
]
sinφ(0)
]
. (15)
In Eq. (15), the terms including ∂xθ(x) and ∂xφ(x)
represent the forward tunneling process: hopping of
left(right)-mover to left(right)-mover. On the other
hand, the terms including sin θ(0) and sinφ(0) represent
the backward tunneling: hopping of left(right)-mover to
right(left)-mover. Before turning into the conductance,
the Josephson current should be clarified. Within the
second order perturbation expansion, we find
J =e∆
[
at
piv
]2
sinϕ
[
1− λ23 −
1
K
λ2+ +Kλ
2
−
]
, (16)
where we have used (ηRηL)
2 = −1, (α0)−1 = kF ≡ ∆/v,
and ∆ is the amplitude of pair potential at sufficiently
low temperature T ≪ Tc with Tc being superconducting
transition temperature. The ground state of junction is
at ϕ = 0 for λ = 0 [20]. Eq. (16) does not recover a
usual relation J ∝ (1+λ2) expected in s-wave Josephson
junction even in the absence of interaction, (i.e., K =
1). This is a characteristic feature of Majorana fermion
excitation.
On the basis of the linear response theory, we cal-
culate DC conductance of the point contact using
the standard Kubo formula, σ = − limω→0+ [QR(ω) −
QR(0)]/(iω), where the correlation function is obtained
by QR(ω) = Q(iωn → ω + iδ) with Q(ωn) =
− ∫ 1/T0 dτeiωnτ 〈J(τ)J(0)〉, τ is the imaginary time, and
ωn is the Matsubara frequency. The following four terms
contribute to Q(ωn),
〈J(τ)J(0)〉 = 〈F 2θ ∂xθ(τ)∂xθ(0) + F 2φ∂xφ(τ)∂xφ(0)〉x=0
+
〈
B2θ sin θ(τ) sin θ(0) +B
2
φ sinφ(τ) sin φ(0)
〉
x=0
, (17)
where Fθ = cos(ϕ/2)λ+/2, Fφ = sin(ϕ/2)λ−/2, Bθ =
sin(ϕ/2)/α0 and Bφ = cos(ϕ/2)λ3/α0. After deriving
the effective action for θ(0, τ) and φ(0, τ), we obtain the
scaling equations by following Refs. [21–23],
dB2θ(l)
dl
=2
(
1− 1
K
)
B2θ(l), (18)
dB2φ(l)
dl
=2 (1−K)B2φ(l), (19)
λ = 0 λ 6= 0
Equal helicity
ϕ = 0 K = 1 0 const.
K < 1 0 T 2K−2
K > 1 0 const.
ϕ 6= 0 K = 1 const. const.
K < 1 T 2/K−2 → 0 T 2K−2
K > 1 T 2/K−2 T 2/K−2
Opposite helicity
ϕ = 0 K = 1 0 const.
K < 1 0 const.
K > 1 0 T 2/K−2
ϕ 6= 0 K = 1 const. const.
K < 1 const. T 2K−2
K > 1 const. T 2/K−2
TABLE I: The temperature dependence of the most domi-
nant terms in conductances given in Eqs. (23) and (26) at
low temperature, where ϕ is the phase difference between the
two helical superconductors, λ represents spin orbit interac-
tion at a point contact, and ’const.’ means the conductance
independent of temperature. Here K = 1(g = 0) represents
no interacting case, while K < 1(g > 0) and K > 1(g < 0)
are the interacting cases. The conductance depends on the
relative helicity of the two superconductors: the equal helic-
ity configuration (upper column) and the opposite one (lower
column).
where µ = Λe−l gives a boundary between high- and
low-frequency and Λ is the high-frequency cut-off. It is
concluded that Bθ and Bφ are relevant for K > 1 (g < 0)
and K < 1 (g > 0), respectively.
The forward tunneling terms are calculated to be
〈∂xθ(x, τ)∂xθ(x, 0)|x=x0〉 =
1
K
X(τ) (20)
〈∂xφ(x, τ)∂xφ(x, 0)|x=x0〉 = KX(τ), (21)
X(τ) =
8kF
v
δ(τ) − 4pi
v2
T
∑
ωn
e−iωnτ |ωn|. (22)
Finally we reach the DC conductance for the equal helic-
ity configuration
σ
G0
= pi
λ2+
K
cos2
(ϕ
2
)
+ sin2
(ϕ
2
)
Dθ
(
T
T0
)2/K−2
+ piλ2−K sin
2
(ϕ
2
)
+ λ23 cos
2
(ϕ
2
)
Dφ
(
T
T0
)2K−2
, (23)
where G0 = (tae/piv)
2 and DA(T0) =
∆20
∫ 1/T0
0 dττ〈sinA(τ) sinA(0)〉 for A = θ and φ
are the correlation function at T = T0 < Tc. Remark-
ably, the conductance depends on the phase difference
between the two superconductors. This stems from a
peculiar feature of Majorana fermion. The two terms in
the tunneling Hamiltonian, which are Hermite conjugate
to each other, turn into the same form due to the ”real”
4effect. At ϕ = 0, the conductance vanishes in the
absence of the SOI, (i.e., λ = 0). In the presence of
the SOI at ϕ = 0, the last term is relevant for g > 0 in
addition to the first term. The first term is independent
of T , whereas the last term increases with decreasing
T as T 2K−2 for g > 0. For ϕ 6= 0, the second term
is relevant for g < 0 even in the absence of the SOI.
Finally for ϕ 6= 0 and λ 6= 0, all terms contribute to
the conductance. The argument above is summarized in
Table I.
The total current through a Josephson junction is de-
scribed by so called resistively and capacitively shunted
junction model
J =
C
2e
d2ϕ
dt2
+
1
2eR(ϕ)
dϕ
dt
+ J0 sin(ϕ), (24)
with C being the capacitance of a junction. In the present
junction, the resistance R = 1/σ depends on ϕ. Thus
Majorana fermion excitation would modify dynamics of
a Josephson junction. The phase ϕ may be determined
self-consistently so that the current can be optimized.
Such issue is a natural extension of this paper.
In the case of opposite helicity configuration, we also
obtain the Josephson current and the conductance as fol-
lows
〈J〉 = e∆
[
at
piv
]2
sinϕ
[
1
K
− λ23K − λ2+ + λ2−
]
, (25)
σ
G0
= pi
sin2(ϕ/2)
K
+ λ2+ cos
2
(ϕ
2
)
Dθ
(
T
T0
)2/K−2
+ piλ3K cos
2(ϕ/2) + λ2− sin
2
(ϕ
2
)
Dφ
(
T
T0
)2K−2
. (26)
For λ = 0, the conductance proportional to sin2(ϕ/2) is
independent of temperature, which is in sharp contrast
to that in the equal helicity case given in Eq. (23). The
behaviors of the conductance σ are summarized in the
Table I.
In summary, we have studied electric transport
through a point contact which connects Majorana
fermion modes appearing at the edges of two helical
superconductors by taking into account the interaction
among Majorana fermions and the spin-orbit interac-
tion (SOI) at a point contact. By introducing a fic-
titious fermion consisting of two Majorana fermions,
the Majorana fermion model is transformed into the
Tomonaga-Luttinger model. The application of the stan-
dard bosonization technique enables to analyze low en-
ergy physical phenomena of a Majorana fermion. It is
found that several novel features appear due to the Ma-
jorana fermions such as (i) the conductance is sensitive to
the phase difference of two superconductors, (ii) tunnel-
ing with SOI gives quite distinct behavior from that with-
out SOI, (iii) the transport phenomena depend on rela-
tive helicity of two superconductors as shown in Eqs. (23)
and (26), and (iv) the interactions leads to the power-law
temperature/voltage dependences.
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